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ABSTRACT

The detour distance is a topological concept of graph theory, denoted by D (u, v) and defined as the length of
a longest (u, v) — path in a connected graph G, where the vertices u and v belonged to the vertex set V(G). In
this paper, we find the detour polynomial, detour index for cog-complete-bipartite graphs, also, some special
cases were taken for cog-complete bipartite graph to show the gear so that we can determine detour polynomial

and detour index for any order.
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1. INTRODUCTION

Let G be a connected graph of order p and
size g. Then, for each unordered pairs u, v
of vertices of G, the distance d(u, v) is the minimum
of the lengths of all u — v paths in G, [6,10] . The
detour distance between two distinct vertices u and v
in a connected graph G is the maximum of the lengths
of all u — v paths in G (see [4]). Moreover, D(u, u) =
0, for each u € V(G), if uv is a bridge of G then
D(u,v) =1, and for every vertex u and
v eV(G) D(u,v) =d(u,v) if and only if G is
a tree. Also, it is clear that D(u,v) =p —1 if
and only if G contains a Hamiltonian u — v path.
The detour eccentricity denoted by ep(v) of a
vertex v is the maximum detour distance from v
to all other vertices in G, the parameters 6, (G)
or diamp (G) denote the detour diameter of G
which is defined as the maximum detour
eccentricity among all vertices in G. The vertex
v is called a peripheral vertex of G if ep(v) =
dp (@) and the set of all peripheral vertices of G
is the peripheral of G and it is denoted Py, (G).
The detour radius radp(G) of G is the
minimum detour eccentricity among all vertices
in G. Obviously e(v) < ep(v) for every vertex
v in G, since d(u,v) < D(u,v), for u and v in
G. Therefore, diam(G) < diamp(G) and
rad(G) < radp(G). If a vertex v of G satisfy
the property that it’s eccentricity is radp(G)
then v is said to be The detour central vertex of
G. The detour central of G, Cp(G) is the set of
all center vertices of G, mp(G) is the minimum
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detour distance defined
min{D (u, v): {u, v} € V(G)}.
Werefer the reader to [5,7,8,9],
for details of detour polynomial, detour index
and some properties.
The detour index dd(G) of G is defined as:
dd(G) = Yuvieve) D(wv) . (1)
Thedistance polynomial [13]ofaconnectedgraph
G basedondetourdistanceis called detour polynomial
D(G; x), which is defined as follows:
D(G;x) = Ty xP0Y, v (12)
Where the summation is taken over all unordered
pairs of distinct vertices uand v of G .Itis clearthat
dd(G) = +-D(G; 1) |y v (13)
Let Cp (G, k) is the number of unordered pairs u
and v such that D(u,v) = k, then the detour
polynomial D(G; x) of a connected graph G, is
also defined by:
D(G;x) = Tis1 Cp (G, k)xk. .. (1)
The detour polynomial of a vertex v in G is
define as:
D(v,G;x) = X2 ¢ (v, G, k)xK, ... (1.5)
where Cp(v, G, k) be the number of vertices
u, (u # v) such that D(u, v) = k.
It is clear that

D(G;x) =5 Yvev(e) D, G; ).
Observe that D(v,G;1) = p — 1.
Chartrand, Escuardo and Zhang introduced the

concept of detour distance, but the concept of

detour distance polynomial of a connected graph

G was introduced, Mohammed in [13] found

polynomials of detour for special graphs and

by mp(G) =

.. (16)
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operations defined on graphs , some work has
been done on detour indices. Several authors had
obtained detour number, detour polynomials and
detour indices for many structures graphs [1, 3,
11, 12].

2. DETOUR POLNOMIAL OF COG-
COMPLETE-BIPARTITE GRAPH

Definition:[2] A cog-complete-bipartite
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graph Ky, is the graph constructed from a
complete-bipartite graph K, ,,, n,m=>2 of
vertex sets U = {uj,uy,..,u,} and V =
{vi,v3, ..., v}, by adding (m + n — 2) vertices
W ={w;,wy, .., wy_1}andY =

{y1,¥2, -, Ym-1} to the graph K, with
2(m+n—-2) edges {viw;, vig Wil =
12, ,n =1V {wy;,ujpy;:j =12,..,m—
1}. See Figure 2.1.

1

< m=1

Fig. (2.1): Cog- Complete-Bipartite Graph Ky ,,,.

Proposition 2.1: Let K ,, be a cog — complete — bipartite graph, = {uy, uy, ..., u,},
V ={v1,v3, ., U} W={wy,wy, ..., wy_1}and Y = {y;,¥5, ..., ym—1}- Then for all n,m > 4, we

have:
1. If U; ,uj € U, then:

2n+2m—6, if li—jl#1, fori,j=2,..,n—1,i #],
D(ui,uj):{ fli—jl fori,j J

2n+2m-—4,
2. If v; U EV, then:

otherwise.

2n+2m—6, if li—jl#1, fori,j=2,..m—1,i #],
D(vi,vj)={ fli—Jjl fori,j J

2n+2m—4,

3. Ifw,w’ € W, then:
D(w,w') =2n+2m — 4.

4. 1fy,y' €Y, then:
D(y,y")=2n+2m—4.
5.ifueUandw € W, then:

otherwise.

Du,w) = {2n+2m—3,ifu =woru=u, oruw € E(KSn),u # Uy, uy,

2n+2m-5,
6.1fveVandy€eY,then:

otherwise.

—13 i — — c
D(v,y)={2n+2m 3,if v=v0rv=vyorvy € E(Kim), v # V1, Vnm,

2n+2m-5,
7.1fu; € Uandv; €V, then:

otherwise.

2n+2m—-3,wheni=1,nandj=1,m,
D(ui,vj)={ J

2n+2m->5,
8. lIfuelU,veV,weWandy €Y, then:

otherwise.

D(u,y) = D(v,w,Kﬁ_m) =2n+2m—4andD(w,y) =2n+2m—3.
The detour polynomial of cog-bipartite-complete graph K ,,, is sought out in the next

theorem:
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Theorem 2.2: For n,m > 4, then

D(Kfm;x) = {mn + 3(n + m) — 7}x?"2m=3 4 %{4(mn -5 +nn+1)
+m(m + 1)}x?2"2m% 4 fnm + n(n — 5) + m(m — 5) + 8}x2n+2m=>
+2{n(n —7) + m(m — 7) + 24}x21+2m=6, (L)

Proof:
From definition and Proposition 2.1, we get,

1. Z{u‘v}guD(u, v, Ky m; x) = (3n — 6)x2n+2m—4 4 {(;) — (3n — 6)}x2n+2m=6,
2. Z{u'v}gVD(u, v, Ky m; x) = (3m — 6)x2n+2m—4 4 {(g‘) — (3m — 6)}x2n+2m=6,

3. Z{u,v}EWD(u, v, Kfm;x) = (n - 1) g 2n+2m-4

2
m-—1 _
4' Z{u,v}QYD(u: 17, Kr(i_mr x) = ( 2 )x2n+2m 4_
5 Y ueu D(u, w, K m; x) =2(2n—3)x2"*2m=3 L (y(n —1) — 2(2n — 3)}x2n+2m—5.
WEW
6. Yvev D(v,y, KS s x) = 2(2m — 3)x?"+2M=3 4 fm(m — 1) — 2(2m — 3)Jx2"+2m=5,
yey
7. Yueu D(w, v, KS s x) = 4x2™H2M=3 4 (nm — 4)x2n+2m=5,
VEV
8. ZuEUD(u, Y, K x) = n(m — 1)x2n+2m-4
yey
Y vev D(v,w,Kfm; x) = m(n — D)x2m+2m=4,
wWEW

> yeY D(y, w, Kﬁ‘m; x) = (n — 1)(771 — 1)x2n+2m—3'

Sivr‘;égv, D(Kﬁ,m; x) =) D(u, Ky m; x) + ) D(v, Ky m; x) +Y D(W, K s x)
+ 2 D(Y, KE s %) + D (u, W, K s %) + 3D (v, 7, KE 3 x)
+XD(wv, K5 ms x) + X D(w,y, K ms x)
+XD(v,w,KE i x) + X D(W,y, Kf m; x).
Hence,
D(Kmix) = {2(2n = 3) + 2(2m — 3) + 4 + (n — 1)(m — 1)}x?"+2m=3
+{(@n = 6) + 3m — 6) + 2 (n = 1)(n - 2) + 3 (m — 1)(m — 2)
+n(m — 1) + m(n — 1)Jx2nt2m-4
+{nn—1)-22n—-3)+m@m —1) — 2(2m — 3) + nm — 4}x2n+2m=5
+Gn(n —1) = (3n — 6) +5m(m — 1) — (3m — 6)}x2"+2m6,
= {mn + 3(n + m) — 7}x2nt2m-3
+1{40mn — 5) + n(n + 1) + m(m + DJx2r+2m=4
+{nm + n(n — 5) + m(m — 5) + 8}x2"+2m=5
+%{n(n —7)+m(m-7)+ 24}x2n+2m—6. -
Corollary 2.3: For m = 4, then
D(K$ s x) = 23m + 1)x2™m+3 +%(m2 + 13m — 8)x2M*2 4 (m(m — 2) + 2)x2m+1

+=(m — 3)(m — 4)x?™, .. (2.2)
Proof:
To obtain the formula D(K$,,; x), we follow the same steps as the proof of Theorem 2.2 when n = 3.
n

Remark: (K§3;x) = 20x° + 20x® + 5x7 .

Corollary 2.4: Let Kj,, be a cog — complete — bipartite graph, then for all m > 4, we have:
D(K% s x) = (5m — 1)x?™*1 + % (m? + 9m — 12)x?™ + (m — 2)(m — 1)x?m1
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+2(m—-H(m—-Hx¥mz. L (23)
Proof:
Follows from theorem 2.2 when n=2:

1' Z{u,v}gUD(ul v, ch'm; x) = xzm, Where U= {ul,UZ}.
1 —
2' Z{u,v}gVD(ul v, ch_m:x) = 3(m - Z)xzm + E(m - 3)(m - 4‘)x2m 2.
1
3' Z{u,v}gYD(ul v, ch'm; x) = E(m - 1)(m - 2)x2m.
4. Y uev D(w,w, K§ 3 x) = 2x2™FL where W = {w, }.

weEW

5. Yver D(v, ¥, K§ s x) = 2(2m — 3)x*™*1 + (m — 2)(m — 3)x?™1,
YyEY

6. Yuecu D(w, v, K§ 3 x) = 4x2™*1 4 2(m — 2)x?™1,
VEV

7. ZuEUD(u: Y, KZC,m; x) = Z(m - 1)x2m,
yey

Z VEV D(vl w, ch_m: x) = mxzm,

WEW
Y yer D(y, W, K§ s x) = (m — D)x?™H1,
WEW

Since, D(K$ ;%) = X D(w K$ s x) + X D(v, K§ 1 x)
+Y D(y, K5 i x) + D(u, w, K3 s x) +> D(v, Y, K5 s x)
+ Y D(w, v, K s x) + X D(w,y, KS 1 X)
+XD(v, W, K§ s x) + X D(w,y, K§ s x).
= x?™ 4+ 3(m — 2)x*™ + % (m — 3)(m — 4)x?m2
+%(m — 1) (m — 2)x2M42x2m+1
+2(2m — 3)x2™+1  (m — 2)(m — 3)x2M71 4 4x2mHl
+2(m = 2)x?™" 1 4+ 2(m — Dx?™ + mx?™ + (m — 1)x?2™m+1
= (5m — 1x?m*1 4 %(m2 + 9m — 12)x?™
+(m — 2)(m — Dx?™1 4+~ (m — 3)(m — 4)x2m2 n
Remark :
o D(K§4;x) = 14x7 + 12x° 4 2x5.
e D(K5,;x) = 9x° + 6x*.

3. DETOUR INDEX OF COG- COMPLETE-BIPARTITE GRAPH:

Theorem 3.1: For n,m = 4, then
D(Kfm) =4(m® +n3) —20(m? + n?) + 41(m +n) + 12mn(m+n—3) —51. ... (3.1)
Proof:
By taking the derivatives of equation(2.1), when x=1 of the detour polynomial of cog complete
bipartite graph, then
D(Kfm) = = (D(KSm: ) lx=1
= :—x ({mn + 3(n + m) — 7}x2n+2m=3
+%{4(mn —5)+nn+1) +m(m+ 1)}x2n+zm-4
+{nm +n(n —5) + m(m — 5) + 8}x2"+2m-5
+{n(n — 7) + m(m — 7) + 24}x2"F2m=6 )|,
=fmn+3(n+m) —7}(2n + 2m — 3)
+ %{4(mn -5 +nn+1)+m(m+1)}2n+2m—4)
+{nm+n(n—-5)+m@m—->5)+8}(2n+2m—-5)
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+2{n(n —7) + m(m —7) + 24}(2n + 2m — 6)

= 2m?n + 6m? + 2mn? + 9mn — 23m + 6n% — 23n + 21

+m3 + 5m?n — m? + 5mn? — 6mn — 22m +n® —n? — 22n + 40

+2m3 + 4m?n — 15m? + 4mn? — 25mn + 41m + 2n3 — 15n% + 41n — 40
+m3 + m?n — 10m? + mn? — 14mn + 45m + n3 — 10n? + 45n — 72
= 4m3 + 12m®n — 20m? + 12mn? — 36mn + 41m + 4n3 — 20n?

+41n — 51

=4(m3+n3) —20(m? + n?) +41(m+n) + 12mn(m + n— 3) — 51. n

Corollary 3.2: For m > 4, then
D(K$,,) = m(4m? + 16m + 41) .
Proof:

Only put n=3 in Theorem 3.1.m
Corollary 3.3: For m = 4, then
D(K§m) =4m®*+4m? +17m—15. =

..(32)

Some Properties of K7, ,,, for all n,m > 3, we have:
e Order and size:The order of Ky ,,, is 2(n + m — 1) and the size ismn + 2(n + m — 2).
« Diameter and radius of detour distance: &, (K5 )=rp(K$m) = 2(n +m) — 3.
e Minimum detour distance : m (K$ ) = 2(n +m) — 6,n,m > 5.
e Degree vertices: The vertices u; and v; have degree m + 1 and n + 1 respectively, for i = 1,n,
Jj =1,m, the vertices u; and v; have degree m + 2 and n + 2 respectively, for i=2,..,n—1,
j=2,..,m—1, and added vertices w; and y; have degree two, for all i=1.2,..,n—1, j=

1,2,..,m—1.

e Detour peripheral of K§: Pp(KS ) = V(KSm)-

e Detour center of K&: Cp (K ) = V(K m)-

4. CONCLUSION

In this paper, we conclude that we will use a
known methods to evaluate the detour
polynomial and index of such graphs. And also
note that if the number of vertices of the graph G
is separate for each cases, it will be easier to
calculate the detour polynomial of the graphs.
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