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ABSTRACT

A modification of an existing soil water retention curve (SWRC) equation is presented in this paper which
takes into consideration the effects of the soil capillarity (parameter a) and air entry value (s,). The
reformulated equation then was incorporated into the research version of the LimitState:GEO software to
perform two parametric studies on the bearing capacity of a strip footing placed on the surface and total
passive earth pressure for a frictional wall of 1 m height. The parametric analyses were to study the effect of
SWRC hysteresis on the strength of unsaturated soils through parameter a and air entry value (s,). The
numerical bearing capacity and the passive earth pressure results were compared with the experimental data
and the derived Rankine equations which take into account the effect of capillary rise, respectively. The
numerical results showed that the effect of SWRC hysteresis has significant influence on the strength for both
parametric studies.
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1. INTRODUCTION
The importance of studying the SWRC is

he relationship between soil suction and
volumetric water content is widely used in
unsaturated soil mechanics and it is called soil
water retention curve (SWRC). The volumetric
water content is often replaced by gravimetric
water content or degree of saturation. The SWRC
is usually determined from laboratory tests by
applying a constant or null level of net stress.
Figure 1 shows a typical SWRC illustrating
some useful features and capillary hysteresis. Air
entry value is the matric suction where air starts to
enter the largest pores in the soil, while residual
suction is the suction where a large change in
suction is required to remove additional water
from the soil, Fredlund & Xing (1994).
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Fig. (1): Typical soil water retention curve (SWRC)
showing capillary hysteresis.

attributed to that it can be used to estimate several
parameters in the field of unsaturated soil
mechanics such as permeability and shear
strength, Fredlund & Rahardjo (1993). Several
mathematical equations, therefore, have been
proposed to simulate the SWRC.

Brooks & Corey  (1964) suggested an
empirical equation for the SWRC which is a
relationship between normalized water content (&
) and suction (s). The equation took into
consideration air entry value (s, ) of the soil.

o
1)

where S is pore size distribution index.
Equation 1 simulated the experimental data for a
range of suctions greater than air entry value.
However, it is not suitable for any suction value
less than air entry value near the saturation.

Van Genuchten (1980), then, proposed another
equation for the SWRC to fully define the shape
of the SWRC and for any value of suction with
more number of parameters.
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where «, n and mare fitting parameters. It is
obvious that Eqg. 2 has two more parameters than
Eqg. 1 which provides better fitting of data and
flexibility to simulate the shape of the SWRC.
Van Genuchten (1980) utlised Eg. 2 to estimate
hydraulic conductivity of the soil by suggesting m
= 1- (1/n). Fredlund & Xing (1994) criticized that
better fitting can be obtained without using a fixed
relationship of m.

Fredlund & Xing (1994) also suggested an
SWRC equation as follows:

6 =C(s) b, 1 5 3)
Ine+ ()"
a
InfL+ ()]
C) =04 1-—— 4)
In+ ()

where ¢ is saturated volumetric water content,

e = 2.718, s is suction, a, n and m are fitting
parameters, C(s) is a correction factor and s, is
residual suction.

Fredlund & Xing (1994) equation requires 4
parameters. Although the fitting parameters can
be assumed for the best fitting, what it can be seen
is that the integration of Egs. 2 and 3 is difficult
because of high number of the fitting parameters.

Finally, Stanier & Tarantino (2010) suggested
an exponential equation for the SWRC as:

SI’ — e—as
(®)

where a is a fitting parameter (kPa), s is

hydrostatic suction and it is given by:
s=yw(Hyw-2) (6)

where y,, is unit weight of water (kN/m°), H,,
is water table depth (positive downward) and z is
vertical coordinate (positive downward). Equation
5 shows a simple mathematical relationship
between degree of saturation and suction with
only one fitting parameter (a) and assumes full
water continuity within the soil. It is obvious
from Fig. 1 that the shape of the SWRC follows
an exponential function within a range of suction
values between air entry value and residual

suction. However, Eq. 5 cannot fit the full shape
of the SWRC.

This paper is, therefore, presents a
modification of the existing SWRC equation (Eqg.
5). The modified equation takes into consideration
the effects of the capillary rise and air entry value
(SWRC hysteresis). The reformulated equation is,
then, incorporated into a research version of the
LimitState:GEO software where parametric
studies on bearing capacity and earth pressures are
conducted.

2. MODIFICATION OF THE SWRC
EQUATION

Shwan and Smith (2014) reformulated Eq. 5
for more flexible fitting the shape of the SWRC as
follows:

()

S, =1
S, =e—a(s—so) (8)
where s, is air entry value (kPa) and it is

related to capillary rise, H. (full saturation) of the

soil as:

He =Hy 12 9)

rw

Similarly to Eq. 5, Egs. 7 and 8 display the
simplicity. Also, the most important advantages
of Egs. 7 and 8 over Eq. 5 is that Eq. 8 takes into
account the effect of the air entry value. It is
intriguing that Eq. 8 only requires two parameters
a and s,, while Egs. 2 and 3 require three and four
parameters, respectively.

The linking between the SWRC and shear
strength is essential. Vanapalli (1996) proposed a
direct relationship between the SWRC of soils and
the shear strength through which the shear
strength can be estimated. The effect of degree of
saturation, which can be obtained directly from
the SWRC neglecting drying and wetting of the
SWRC, on shear strength of unsaturated soils is
significant.  Shear strength  equations for
unsaturated soils have been proposed with a direct
relationship between suction and degree of
saturation. Among the most widely used equations
is the one proposed by Oberg & Séllfors (1997).

r=Cc"+(oc+sS,)tan ¢’ (10)

where 7 is the shear strength (kPa), c’is the
effective cohesion (kPa), o is the normal stress
(kPa) and ¢'is the effective internal friction angle.

The term sS, tang’ represents the effect of
water pressure (suction) while also allowing for
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the reduced effective area of action due to the
reduction of water content. The term also
characterises the effect of an increase in strength
that can be earn due to unsaturated conditions. For
the computational analyses, Egs. 2 or 3 can be
substituted into Eq. 10 to predict shear strength of
unsaturated soils. However, integration of Egs. 2
or 3 is difficult due to the high numbers of the
parameters used.

3. INTEGRATION OF THE MODIFIED
SWRC EQUATIONS

The stability of the soil is significantly
influenced by the shear forces along a failure line
(discontinuity). The increase of shear strength for
unsaturated  conditions is  attributed to
development of apparent cohesion forces along
any failure/or slip lines. This increase will be
termed "apparent cohesion" through the
manuscript of this paper. To derive the apparent
cohesion forces along the slip line, Fig. 2 presents
a body of soil above a discontinuity showing the
shear force (F) and strip weight (W) above the
discontinuity.

Ny (X1, Y1)

Fig. (2): A block of soil above a discontinuity.

Integration of the yield equation for a partially
saturated soil along the discontinuity AB can be
obtained using the following:

L
A= JsSr tan ¢".dl

0

(11)

where A' is apparent cohesion force and L is
length of the discontinuity AB. By substituting
Egs. 7 or 8 into Eq. 11, apparent cohesion force
can be easily computed at different saturation

conditions. However, the integration might not be
straightforward when using Egs. 2 or 3 due to the
difficulties associated to the high number of
parameters utilised in the equations.

Figure 3 shows a retaining wall case study for
a discontinuity crossing the water table. The effect
of degree of saturation can be easily studied
through derivation of the apparent cohesion forces
along the failure line.

Fig. (3): A retaining wall case study with a slip line.

For the origin shown in Fig. 3, Eq. 6 requires
redefining in an (X, y) coordinate system so that
(y) can measured positive upward from the base of
the wall, while H; is the height of the water table
from the origin and it given as:

z=H-y=H;-H,-y (12)

By rearranging Eq. 12, the following can be
obtained:

z-Hy=H;-y (13)
where H, y, H; and H, are defined in Fig. 3. By
substituting Eqg. 13 into Eq. 6, the following can
be obtained:

s =rw(y—Hy) (14)

where y = y,;+1 sing based on Fig. 2. Then, by
substituting Egs. 8 and 14 into Eqg. 11, the
apparent cohesion force for the case shown in Fig.
3 (for a discontinuity crosses the water table) can
be computed easily. The integration consists of
two parts, part below the water table and part
above the water table as follows:

L L
A= Is tan ¢".dl + J.sSr tan ¢".dl (15)
0 0

For the first part of the integration, S, = 1.
where L; and L, are length of the discontinuity
below and above the water table, respectively. By
substituting Egs. 8 and 14 into Eq. 15, integrating
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and substituting the boundary conditions the
following can be obtained:
HE
—=sing’+ Hy(y; —Hp) -
A=y, tang’

(@ywsing'L, +1)(

(16)

—ay,L,sing'+as,

(@yy)?sing’

Similarly to above, integration of other cases
when the discontinuity is totally above or below
the water table can be derived readily and is not
presented in this paper.

4. EFFECT OF PARAMETER "a" ON THE SWRC

Figure 4 shows SWRCs for various values of
parameter a in which different curves are
introduced. These variations of Sr at the same s
for different a values can be used to represent
different soil types at the same air entry value (i.e.
5 kPa). This has advantage of varying capillary
range of the soil in which significant increase in
Sr can be seen for two different a values at same
suction. Expanding capillary range of soil by
parameter a can be represented particle size of the
soil. Therefore; with parameter a, different soil
types (even at the same air entry value) can be
modelled and this is provides flexibility of the
used equation (Eq. 8) for representing the SWRC.
The proposed Eq. 8 is a simplified equation when
it is compared to the Van Genuchten (1980) or
Fredlund and Xing (1994) with less numbers of
fitting parameters.
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Fig. (4): Various SWRCs at s, = 25 kPa at different
values of parameter a.

5. EFFECT OF AIR ENTRY VALUE " s, " ON
THE SWRC

Figure 5 presents an example of the effect of the air
entry value (s,) on the SWRC which is obtained using

Eq. 8. The curves represent various values for s, at the
same a = 0.002. Once again, different s, represents
different soil types. The higher the s, value, the steeper
curve can be produced.
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Fig. (5): Various SWRCs for a = 0.002 at different
values of air entry value (s,).

6. CASE STUDIES
(a) bearing capacity results:

A parametric study using a strip footing of a
width of 0.025m was modelled using the
LimitState:GEO software, modified by Shwan
(2015) to take into account the effect of suction
and degree of saturation on strength. The x and y
boundaries of the problem were 0.6 and 0.1m,
respectively. Soil was assumed to be fully
saturated below the capillary rise and an average
between dry and saturated unit weights were taken
for the zone above the capillary rise.

The numerical results were compared with
experimental data conducted by Shwan (2015)
using a fine sand. The physical and shear strength
parameters of the sand tests are shown in Table 1.
The SWRC for the sand tested was determined by
means of the hanging column technique and filter
paper method, see Shwan (2016). The unsaturated
soil parameters a and s, were 0.7 and 2.3 kPa,
respectively. The applied suction used in this
parametric study was 5.58 kPa (head of 0.568 m
from the soil surface to the water table). This
value of suction corresponded to an average
degree of saturation of 10% (based on the
SWRC).

Table 1 Physical and shear strength properties of the

sand used.
Yary Ysat e c @ (degrees)
kN/m®  kN/m® kPa
1530 1933 07 O 44.1
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Figure 6 shows the normalized ultimat

bearing capacity (qs“—“) versus internal frictiot
o]

angle for different values of parameter a: 0.3, 0.5
0.7, 0.9 and 1.2 kPa™. The experimental result
represent the ultimate bearing capacity at peal
which were plotted at ¢ = 44.1°. It can be seel

that the experimental data are reasonably wel
defined between the case of a = 0.30 and 0.50 fa
away from the initial value of a = 0.7 (red line i
Fig. 6). The change of parameter a from 0.7(
value of the sand tested to smaller values i
possible and it is attributed to the effect or
hysteresis of the SWRC (see Fig. 1).

Shwan (2015) observed contraction and
dilation phenomena during the application of the
load for physical models of a strip footing placed
at a surface and direct shear tests. These
behaviours were correlated to water migration into
or out of the shearing zone (failure mechanisms).
This is accompanied by change in void ratio. The
implicit of these observations is that the SWRC is
shifted to the left hand side due to the change in
void ratio leading to a change in a value. Shwan
(2016) studied the effect of water migration
behaviour in terms of the SWRC for the direct
shear tests. Changes of water level in a burette
(used to apply and control suction) were observed
in the direct shear tests. Samples were taken at the
end of the test to further confirm the water
migration phenomenon. The analysis showed
significant change in the position of the SWRC to
the left hand side due to water movement.

The implication of the change in parameter a
can be readily seen in Fig. 6 on the bearing
capacity due to the hysteresis of the SWRC. The
initial shifting of the SWRC at the early stages of
the experimental bearing capacity test was
accompanied with an increase of degree of
saturation and hence a decrease in suction.
However; as the footing was further pushed into
the soil, drying behaviour beneath and around the
footing occurred due to dilation leading to an
increase in void ratio. As a subsequent, suction
increased which in turns increased bearing
capacity.
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Fig. (6): Normalized (L';J—'t ) versus ¢ for various
0

values of parameter a.

Another possible scenario is a change in the air
entry value (s,) position on the main drying
SWRC during shearing. Different values of s, are
modelled in the modified LimitState:GEO as
shown in Fig. 7. The values of ultimate bearing
capacity are normalised over unit weight of water

(w) and H,, (= 0.568 m). Cases of s, between 1
and 3 kPa are close to the experimental results. As
stated before, s, for the used sand is 2.3 kPa which
is somewhere in between the experimental data
(see red line in Fig. 7), however cannot catch the
scatter of the data due to the dilation and
hysteresis of the SWRC. It is intriguing, however,
that the scenario of changing so is quite possible.
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Fig. (7): Normalized (q“—It ) versus ¢ for various
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values of air entry value s,.
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(b) Total Passive Earth Pressure Results 2. Forcase 2: H,=-0.6 m
To investigate further the effect of hysteresis of o _1, b2 (18)
the SWRC (through parameter a and s,), a p=2 p Tave
retaining wall case study was utlised. A frictional
wall (¢=5) of 1 m height and 6.2 m in width (x where y .., 7o, and ' are average, saturated

boundary of the problem) with a simulated 5,4 puoyant unit weights, respectively. H, IS
levelled backfill material (a sandy soil) was

modelled in the modified LimitState:GEO  capillary rise height (given by Eq. 9), H, is
software. Two cases of water table position were  distance from the wall base to water table
considered: at the base of the wall (H, =0 m) and  (positive upwards) and w is height of the wall.
-0.6 m below the base of the wall (1.6 m from
surface of the backfill). These cases are explained 1
in Fig. 8 as cases 1 and 2, respectively. The (hy=H-H,-H,) andkp is passive earth pressure
saturated and dry unit weights of the soil were
assumed to be 1.9 and 1.5 of unit weight of water.
In the numerical modelling, cohesion ¢ = 0 kPa friction angle for a frictional wall is based on
and a range of internal friction angle values from  Eurocode 7 (2004) as shown in Fig. 9.

h, is distance from capillary rise to surface

coefficient. Values of kpat different internal

30 to 45° were utilised. -
7777777, /
Frictional material 2 /‘{/
rictional material
1m| /
g15
,,,,,,,,,,,,,,,,,,,,,,,,,,,, Capillary rise heiaht for Case 1 _Casel | //
232 3 %2 333233 % % % o) e
Capillary rise height for Case 2 Case 2 1 )/e/éa/e/
2% % 3 3 3335 % % % o | 5,/9/9/4
Fig. (8): Modelling a retaining wall in the 0 31 32 % 33 3662991895)39 10 4l 4z a3 a4
LimitState:GEOQ software for frictionlal wall.
For each case, different values of parameter a: Fig. (9): Values of Kk, for a frictional wall for a range
0.1,0.2, 0.3 and 0.4 kPa™ (at constant s,) and s,: 3, of ¢ values, after Eurocode 7 (2004).
4, 5 and 6 kPa (at constant value of a) were
assumed. This is to investigate the effect of Figure 10 represents the results of case 1 (Hy =
parameter a and s, independently. 0 m for different values of parameter a at constant

The numerical results for the cases above were jpjtjal value of s, = 5 kPa (obtained from the
compared against the modified Rankine equations  gWRC of the work of Krishnapillai and
which were derived by Shwan (2015) for the total  Ravichandran (2012)). Higher values of parameter
passive pressure. The modified equations take into 3 provide smaller normalized total passive earth
account the effect of capillary rise for a frictional ~ pressure. This is attributed to the effect of

wall with a levelled backfill. _ hysteresis of the SWRC during shearing which
The modified Rankine equations for cases 1  auses shifting of the SWRC to the left hand
and 2 are as follows: side. The normalized P, decreased by a factor of
1. Forcase1:H,=0m 1.08 when the SWRC shifted from a = 0.1 to 0.4
P -1k vy nZik .y ho+(k ~Dy H IH at ¢ = 30°.
P2 p it STt L e e Figure 11 shows the effect of s, at constant a =
+%[kpysatHC () =7, H IH 0.1 !(Ffa_'l for H, =0 m. Smaller values of s, than
the initial s, = 5 kPa is more reasonable than the
K7 el +Kp7gat HelHy %[kpyf Hvzv]+%7wH\/2v case s, = 6 kPa. This due to the fact that shifting of

the SWRC to right hand side is not possible.
Inspection from Figs. 10 and 11 suggests that case
when a is changing during shearing is more likely
to occur than change of s,.
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Figures 12 and 13 reveal the numerical results
for case 2 (Hy = -0.6 m). The difference between
the numerical results and the Rankine method is
bigger at higher ¢values. This is because the
contribution of capillary rise on the Rankine
Equation (Eq. 18) is negligible as the water table

@ (degrees)
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Fig. (10): Normalized ( 2 ) versus internal
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friction angle for different values of a at s, = 5 kPa and
Hy,=0m.
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Fig. (11): Normalized ( ) versus internal
Hxyy

friction angle for different values of s, at a = 0.1 kPa™
and H, =0 m.

A comparison between Figs. 10 and 12 clearly
shows that the effect of a for the case when H,, is
below the wall base is higher due to the higher
applied suction. Once again, the possibility of
changing parameter a is more noticeable as shown
in Figs. 12 and 13.
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7. CONCLUSIONS

This paper presents a modification of an
existing soil water retention curve (SWRC)
equation.  The modification of the SWRC
equation took into account the effect of the soil
capillarity (parameter a) and air entry value (s,).
The modified SWRC equation was then
incorporated into a research version of the
LimitState:GEO software where the effects of
suction and degree of saturation on strength were
taken into  consideration. The  modified
LimitState:GEO then utilised to perform
parametric studies of bearing capacity and total
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passive earth pressure where the effect of SWRC
hysteresis was considered.

The numerical results for different values of a
and s, showed reasonable agreement with the
experimental peak bearing capacity and total
passive earth pressure data. The latter was
validated against the modified Rankine earth
pressure equations. The scattering due to the effect
of dilation and compression for the experimental
bearing capacity data was reasonably well defined
among different values of parameter a or s, due to
the hysteresis of the SWRC.
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